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ABSTRACT

Fourier transfer function FTF(f), defined as a Fourier transform of the impulse response of
the medium between a source and receiver, fully characterizes transfer properties in the
frequency domain. Modulus of FTF(f) is one of the most used characteristics of seismic site
response in both theoretical and numerical analyses of effects of local surface structures on
seismic motion. It is especially useful for identifying resonance peaks and/or the amplified
frequency bands. By definition, however, |FTF(f)| cannot provide information on temporal
development of the site response. In this article, we introduce a novel characterization of
seismic site response—time-frequency transfer function TFTF(t, f) that properly character-
izes temporal development of frequency content of transfer function. This feature signifi-
cantly helps in interpretating wavefield composition. We present theory that is readily
applicable to any time-dependent output signal. We demonstrate superior properties
of TFTF(t, ) in comparison with standard |FTF(f)| for selected quasi-1D canonical models
of local surface sedimentary structures. In the model of a semi-infinite layer, TFTF(t, f) made
it possible to distinguish modes of vertical resonance and modes of surface waves, which is
impossible based on standard |FTF(f)].

amplitude spectrum and is difficult to interpret directly in terms
of evolving wavefield components. Despite various attempts (e.g.,
Ohsaki, 1979; Nigam, 1984; Sawada, 1984; Boore, 2003; Beauval
et al., 2003; Birgoren and Irikura, 2005), no method to infer and
include temporal development of the site response is routinely
used in engineering seismology practice.

The missing phase information does not pose a problem for
simple nearly 1D conditions because modal interpretation is often
straightforward from resonance peaks alone. For laterally hetero-
geneous structures, however, physically distinct contributions may
overlap in frequency while remaining separated in time. This is
especially relevant for site-response problems in which later arriv-
als are associated with basin-edge effects, locally generated Love
waves, or scattering from irregular interfaces (e.g, Moczo and
Bard, 1993; Kawase, 1996; Molina-Villegas et al., 2018).

KEY POINTS

® We introduce a novel characterization of seismic site
response—time—frequency transfer function (TFTF).

® We demonstrate unique and useful TFTF properties for
site response of local sedimentary structures.

e TFTF is applicable to a broad range of applications based
on transfer function analysis.

INTRODUCTION

As is well known, the complex Fourier transfer function FTF(f)
is the Fourier spectrum of the impulse response (IR) of the
medium between a source and receiver, assuming the strictly
Dirac impulse as a source time function (e.g., Paolucci, 1999;
Moczo et al., 2018; among many others). Therefore, FTF(f)
fully characterizes (linear, time-invariant) transfer properties

of the medium between the source and receiver in the fre-
quency domain.

Its modulus |FTF(f)| is one of the most used characteristics in
analysis of seismic site response. It shows frequency-dependent
amplification or deamplification of the seismic signal due to
propagation between the location of a control point, that is, a
local bedrock motion, and receiver. At the same time,
|FTE(f)| does not show the temporal development of the
response. Although the complex FTF(f) contains phase informa-
tion related to timing, this information is not displayed in the
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It is very natural and reasonable to assume that the missing
phase information could be useful for interpreting complicated
resulting motions in local surface structures. Wavefields in
local structures are complex due to multiple wave reflections
and transmissions, conversions, interference, diffraction, scat-
tering, and resonance. These phenomena lead to later, secon-
dary arrivals that can have a clearer signature in the time-
frequency (TF) domain than in the sole frequency domain.

The TF representation (TFR) of a signal has already proved
very useful in many studies in various fields of research. In seis-
mology, they include a wide range of applications as the analysis
of strong ground motion, quantitative comparison of synthetic
and observed signals, identification of overlapping seismic
phases, time-domain analysis of site-response-related signals,
polarization analysis, denoising and designaling, and seismic
interferometry (see, e.g., Rial, 1996; Basokur et al., 2003; Birgoren
and Irikura, 2005; Kristekova, Kristek, Moczo, and Day, 2006,
2008, 2009; Burjanek et al, 2010; Poggi et al, 2012;
Yamamoto and Baker, 2013; Chaljub et al, 2015; Kuyuk,
2015; Maufroy et al, 2015, 2016; Bonilla et al, 2019; Yang
et al., 2020; Aguiar et al., 2026; among many others).

In general, different methods can be used to obtain the TFR
of a signal. Because of their favorable properties, the continuous
wavelet transform (CWT), often implemented using the Morlet
wavelet, and the S transform, also known as the Stockwell trans-
form (Stockwell et al, 1996), are commonly used methods.
Gibson et al. (2006) showed that the S transform is a special
case of the more general CWT using a Morlet-type wavelet, with
minor phase and amplitude adjustments.

In this article, we introduce a novel characterization of seis-
mic site response—a TF transfer function TFTE(t, f). The moti-
vation is not to replace the conventional Fourier transfer
function but to complement it with the information that is
needed when the wavefield contains distinct arrivals that con-
tribute at different times within the same frequency band.

As in our previous works and the works of many other
researchers (e.g., Rial, 1996; Kulesh et al., 2005; Burjanek et al.,
2010; Poggi et al., 2012; Yang et al., 2020; Aguiar et al., 2026), we
use CWT with Morlet wavelet as a tool for TFR computation.

Our study can be outlined as follows. We first recall funda-
mental relations for TFR. Then, we connect TFR to time- and
frequency-domain transfer characteristics, which leads to a def-
inition of TFTE(t, f). Because practical implementation of
TFTE(t, f) is not trivial, we also introduce an approximate form
aTFTE(t, f). Under certain, rather common conditions,
aTFTE(t, f) sufficiently accurately approximates the exact
TFTE(t, f). The important point is that aTFTE(t, f) can be com-
puted without modifying commonly used subroutines for CWT.

Finally, we demonstrate a few useful properties of TFTF(t, f)
for two selected quasi-1D models of local surface sedimentary
structures for which the differences between 1D and 2D
responses are only slight and hard-to-detect in |FTF(f)| but
appear much more obvious in |[TFTF(tf)|.
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TFR OF A SIGNAL

CWT

The CWT provides a time-scale representation of a signal
(Morlet et al, 1982; Grossmann and Morlet, 1984) and is
defined as (e.g., Daubechies, 1992)

- b
CWT( pis(D)} := \/l|—a-|/w s(t) y* (ta) dr, (1)

with ¢ being time, a the scale parameter, b the translational
parameter, and ¥ the analyzing wavelet. The asterisk denotes
the complex conjugate function.

Given the inverse relationship between scale a and fre-
quency f, the time-scale representation can be interpreted as
a TFR.

According to equation (1), at each value of scale a (inversely
proportional to frequency f and representing the stretching or
compressing of wavelet ) and each time b (representing the
temporal position of wavelet ), wavelet y slides over the signal
s(t) and measures similarity between them. CWT ;) {s(t)} is
essentially a localized correlation between the signal and scaled
and/or shifted wavelet. Obviously, properties of CWT ;) {s(t)}
depend on the choice of the analyzing wavelet y.

Assuming the Fourier pair in the form

0= F1-flo) = [ g exp(-iznfrd,
oO1=FL 000 = [ elanidt, @)

equation (1) can be written as

CWT (o {s(t)} = V]alFrL 43¢ ¥ (af)}(b)
= Vlal / TS @) ep@nf D). ()

Finally, let us point out that CWT is advantageous in that it
provides a detailed, smoothly varying representation of spec-
tral evolution over time. This facilitates visual interpretation of
TFTE(t, f).

CWT with an analytic wavelet

For the present application, we use the complex Morlet wavelet
(Grossmann and Morlet, 1984; Goupillaud et al., 1984;
Holschneider, 1995)

V(0 = mHexpiayt) - exp(—w3/2)] exp(—th). @

For sufficiently large w, (w2 5.4), the correction term
exp(-wj/2) is numerically very small, and the corrected
Morlet wavelet is practically indistinguishable from the simpler
Gabor form

yM(t) = i exp(iwyt) exp (—% t2) , (5)
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that is often used in practical applications. In the same large-w,
regime, the wavelet is also commonly treated as approximately
analytic (progressive).

The Morlet wavelet is a reasonable choice for a wide class of
signals and problems because it provides near-optimal TF locali-
zation and yields a smooth, physically interpretable representa-
tion of seismic signals. The choice of the wj value affects the time
and frequency resolutions in accordance with the Heisenberg-
Gabor uncertainty principle—a higher w, improves the fre-
quency resolution at the expense of the time resolution.
Therefore, in practical applications, it is important to test differ-
ent values of wj. In the examples in this study as well as in an
extensive set of TFTF(t, f) calculations by P. Moczo et al.
(unpublished manuscript, 2026, see Data and Resources),
wy = 10 was found to be a reasonable compromise.

Replace b by t (parameter b corresponds to time) and
assume the following relation between the scale parameter a
and frequency f (Flandrin, 1999):

o
a= E (6)
Then, the TFR of signal s(¢) based on the CWT and using the
Morlet wavelet, say W{s(¢)}(t,f), can be defined as

W{s()}(t,f) = CWT s {s(t)}

- ,/ZZ—EH / : ()M (anTw—_Ot)dT. @)

W2{s(t)}(t,f) represents the energy distribution (energy den-
sity) of the signal in the TF plane.
Relation can be expressed using the inverse Fourier transform:

wisolen = [soere fsoi (st o
_ [ % oo [ @0 .
= \/;m /_w $(§) ™ (ﬁf) exp(i2n€t)dE.

(8)
This relation is used for numerical computation of TFR based on
the CWT and using the Morlet wavelet.
A TF amplitude or envelope E(tf) and phase ¢(t,f) at a
given point of the TF plane can be defined as

E{is(}(tf) == [Wis()}(tf)]
s} (8f) == Arg[W{s()}(£f)]. ©)

Because W{s(t)}(t,f) is defined using the CWT with the ana-
lytic Morlet wavelet, the envelope E and phase ¢ are consistent
with those defined using the analytical signal.

The considered TFR does not suffer from the well-known
problems and limitations of the windowed Fourier transform
due to the fixed TF resolution of the latter transform.

For numerical computation of the TFR using the CWT and
six other methods, there is the publicly available software
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package TF-SIGNAL in Fortran (Kristekova, Kristek, and
Moczo, 2006). A Python version for computation of the CWT
is available, for example, at ObsPy: A Python Toolbox for
seismology (Krischer et al. 2015).

TIME- AND FREQUENCY-DOMAIN TRANSFER
CHARACTERISTICS

If the input signal is Dirac delta function in time 6(¢), the time-
domain response, the so-called impulse response, say IR(),
fully characterizes (linear, time-invariant) transfer properties
between the source and the receiver. The Fourier transform
of the IR, the complex Fourier transfer function FTF(f),

FTE(f) := F_IR(D)}, (10)

fully characterizes the transfer properties in the frequency domain.

As it is well known, in the time-domain numerical-model-
ing methods, a source signal is discretized in time or in space.
Therefore, we cannot apply strictly a Dirac impulse §(t) and
directly obtain the IR(f). However, we can easily apply some
auxiliary signal that we may call a delta-like signal and denote
it as DLS(#). An example of such a signal is shown in Figure 1.
It is the Gabor signal

e(t) = exp{~[w, t/yJ*} coslw, t + 0], (11)

with y; = 0.065, w, = 2710.45 rad/s, 6 = 0 rad. Parameter y;
controls the width of the signal, and 6 is a phase shift. With
a proper choice of parameter values, the Gabor signal is also
suitable for simulating a signal with an optionally narrow
spectrum centered at a chosen frequency.

A time-domain response to DLS(#) may be called a pseudoim-
pulse response (PIR) and may be denoted as PIR(#). From PIR(¥)
and DLS(f) we can obtain the true complex Fourier transfer
function:

F i APIR(D)}

R = 7 psoy

(12)

The term in the numerator may be called pseudotransfer func-
tion PTF(f) := F,_;{PIR(#)}. Combining equations (10)
and (12), the IR(?) is
o fo{PIR(f)}}
IR(f) ff”’{iftﬁf NG (13)
Obviously, these relations have to be treated with care
because the amplitude Fourier spectrum of DLS(¢) effectively
vanishes at higher frequencies, and the numerical evaluation
of FTE(f) is limited up to some effective finite frequency.
Though IR(#) itself cannot be strictly evaluated in the
unlimited frequency range, we will properly use it sub-
sequently.
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TFTF
Exact formulation
As mentioned in the Introduction, it is reasonable to assume
that the possibility to see temporal development of the fre-
quency content of the Fourier transfer function could help
to understand and interpret seismic motion in the investigated
model of a local surface sedimentary or topographic structure.
Obviously, instead of the Fourier transform of the IR, we
need to compute the TFR of the IR. With reference to equa-
tion (8), we need to compute W{IR(#)}(t,f). Thus, replacing
signal s(t) by IR(#) in equation (8) and using equation (13)
we obtain the complex TFTF(t, f):

TFTE(t,f) :== W{IR(#)}(,f)

_ wo .y | FiefPIR()} M [ @0

= ot F s O () o 09
Equation (14) includes the ratio of the Fourier transforms of
PIR(f) and DLS(#). Therefore, as indicated in relation to equa-
tion (13), TFTE(t, f) can be meaningfully and numerically stably
evaluated only within the frequency band where the DLS(f)
has nonnegligible spectral energy. In practice, we compute
TFTE(t, f) only up to a maximum frequency f,, .., defined as
the highest frequency at which the spectrum of DLS(f) remains
above a chosen threshold. Beyond f, .., the TFTE(t, f) would
become ill-conditioned due to division by near-zero values.

It is advantageous to choose zero-phase delta-like signal
DLS(t) because it avoids an additional time shift that could
be uselessly introduced by a signal with nonzero phase.

In analogy with the standard transfer function |[FTF(f)|, the
TF counterpart is given by |TFTE(t,f)|.

Approximate TFTF

The exact formulation of the TFTF(t, f) requires computation of
the CWT from the ratio of two spectra. Though this does not pose
a problem, practically taken, this type of computation is not
directly available in standard signal-processing libraries. Therefore,
we also introduce an approximate TFTF that can be evaluated
without modifying the existing subroutines for CWT calculation.
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Amplitude Fourier spectrum

10° 10!

Frequency (Hz)

Figure 1. (a) Gabor signal used for obtaining pseudoimpulse response (PIR).
(b) Amplitude Fourier spectrum of the signal. The signal can represent any
physical time-dependent variable. In the numerical examples of seismic
motions in sedimentary structures the signal represents particle velocity in
meters per second. Then, the amplitude Fourier spectrum is in meters.

One may think of analogy with computation of the Fourier
transfer function FTE(f) as the ratio of the Fourier transform of
the PIR(f) and Fourier transform of the delta-like signal DLS(t)
—see equation (12). Could the TFTF be analogously computed
as the ratio of the TFR of the PIR and TFR of the delta-like
signal? No, it cannot.

Certainly, we cannot use an analogy with definition of the
Fourier transfer function because in the case of TFR we would
divide a function of time and frequency by another function of
time and frequency, which could be a problem. The duration of
the delta-like signal DLS(¥) is very short whereas duration of the
PIR of a local structure can be considerably longer and thus
|W{DLS(¢)}(¢,f)| is close to zero in a major part of the TF plane.
Therefore, we cannot simply divide |W{PIR(¢)}(t,f)| by
|W{DLS(5)}(£f)].

Considering the PIR(f), we can evaluate TFR of PIR(¢) and
thus its [W{PIR(#)}(t,f)|. This can be visualized as a 2D graph
in a TF plane. Recall Figure 1b: the amplitude spectrum of
DLS(#) decreases with increasing frequency. Therefore, we
have to normalize the frequency content of |W{PIR(#)}(t,f)|
by the frequency content of the delta-like signal DLS(#) used
as the input signal for obtaining PIR(?).

The only reasonable way is to divide the frequency profile of
|W{PIR(?)}(t,f)]| at each time ¢ by the wavelet equivalent of the
amplitude Fourier spectrum of DLS(#).

Thus, we define an approximation of a complex TFTF, say
aTFTF, for any time t. € [¢instmax] aS

WPIR()} (1) |
IW{DLS(t)}(T,f)!ZdT} "
1s)

aTFTE{PIR(H) } (£ f) :=

f Tmax
Eimin

www.bssaonline.org  Volume XX Number XX - 2026

Downl oaded from http://pubs. geosci enceworl d. org/ ssa/ bssa/articl e-pdf/doi/10. 1785/ 0120260069/ 8048924/ bssa- 2026069. 1. pdf by galism on 07 July 2026



(b) Material parameters Kobe earthquake was inter-

Layer preted by Kawase (1996) as a

S-wave speed B m/s| 200 special interference effect due

Density 1 | kg/m | 1900 to the strong material disconti-

(@) Free surface Swave nuity at basin edge. We assume
- uality factor Os 40 the following orientation of the
Sediments 1 . . Cartesian coordinate axes: -
Thickness H m 25 - pos

Bedrock itive x direction from left to

right, positive z direction

Bedrock S-wave speed i m/s | 1000 upward, and positive y direction
Density P2 | kgm® | 2500 (®) so that (x,),z) makes the

S-wave O, 100 right-handed coordinate sys-

quality factor tem. The wavefield is excited

Theoretical by a vertically incident plane

1D SH wave. The particle-velocity

fundamental | f :ﬂ Hz 2 vector has the only nonzero

resonant 4H component v, (x,2,t). The input

frequency signal representing a particle

Figure 2. (a) Geometry of a 2D model of a semi-infinite sedimentary layer in a bedrock half-space. (b) Material

parameters of the model.

velocity of the incident wave
is Gabor signal specified by
equation (11). The parameters

This approximation is not identical to the exact TFTF(t,f) in
general. Equation (15) replaces the exact pointwise complex
deconvolution in the frequency domain with a bandwise nor-
malization based on the wavelet-equivalent amplitude spectrum
of the delta-like signal. The aTFTF(t,f) becomes a good proxy for
the exact TFTF(tf) when the delta-like signal is sufficiently
impulse-like, so that its amplitude spectrum is nearly constant
over the effective passband of the Morlet wavelet centered at f. If
the delta-like signal has zero phase, or only linear phase, the
remaining difference is limited to normalization and, in the lin-
ear-phase case, to a trivial time shift. Therefore, the approxima-
tion is meaningful only in the frequency range in which the
spectrum of the delta-like signal is nonnegligible.

Computation of aTFTF(t,) is relatively easy to perform if
one has a code for computing wavelet transform W{s(¢)}(t,f).
In the next section, we verify the computation of aTFTF(t,f)
according to equation (15) by comparing it with the exact
TFTE(t,f) computed according to equation (14).

NUMERICAL VERIFICATION AND EXAMPLES

A model of a semi-infinite sedimentary layer over
half-space

Consider the 2D model shown in Figure 2. This simple structure
has already been investigated by Moczo and Bard (1993) and
revisited recently by Molina-Villegas et al. (2018) from a more
theoretical viewpoint. It presents the interest to be both close to a
1D structure allowing straightforward interpretations and com-
parisons, and different enough to generate very peculiar effects
with potentially dramatic consequences. Among such conse-
quences, the “damage belt” that occurred during the 1995

Volume XX Number XX —2026 www.bssaonline.org

of the Gabor signal are suitable
for obtaining a PIR in the fre-
quency range [0.1, 20] Hz. Wavelength at 20 Hz in the sedimen-
tary layer is 10 m and we chose grid spacing 0.5 m to assure
sufficient accuracy of the numerical simulations. We use the
finite-difference (FD) method and FDSim3D code (Kristek
and Moczo, 2014; Moczo et al, 2014; Kristek et al, 2019).
The code is based on the fourth-order accurate in space and
second-order accurate in time staggered-grid FD scheme in
the particle-velocity—stress formulation.

Verification of the approximate TFTF

Subject to the conditions described in the previous section, we
numerically verified that |aTFTE(%,f)| is very close to the exact
|TFTE(t,f)|. First, we calculated the exact TFTF according to
equation (14). Second, we calculated |aTFTF(t,f)| according to
equation (15). We performed these comparisons for several
receivers at the free surface of the semi-infinite layer.

Figure 3 shows the exact and approximate TFTFs for receiver
at 300 m to the right from the vertical discontinuity of the semi-
infinite sedimentary layer. In the chosen frequency range up to
20 Hz, it is practically impossible to see any difference.

Let us emphasize that the theory introduced in this and pre-
vious sections is readily applicable to any time-domain IR in
different problems of geophysics.

Seismic response atop the semi-infinite sedimentary
layer

As shown in Moczo and Bard (1993), when impinged by a ver-
tically incident plane SH wave, a 2D SH wavefield develops in
the semi-infinite attenuating sediment layer, hereafter referred
to as the 2D wavefield. For comparison, we also simulated a 1D
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Figure 3. A comparison of the (a) exact [TFTF(t,f)| (top panel) and
(b) approximate [aTFTF(t,f)| in the frequency range from 0.8 to 50 Hz,
for the (c) velocity time-domain PIR at the receiver located 300 m to the right
of the discontinuity. In the frequency range below 20 Hz (below the red
line), where the spectrum of the delta-like signal does not deviate from the
amplitude at zero frequency by more than one order of magnitude, the
differences between the exact and approximate time—frequency (TF) transfer
functions (TFTFs) are negligible.

wavefield in an unbounded horizontal sediment layer over a
half-space with all other parameters the same as in the model
of the semi-infinite layer. That is, we simulated a 1D SH ver-
tical resonance in an attenuating sediment layer, hereafter
referred to as the 1D resonance. Further, we will consider the
corresponding motions at the free surface in both 1D and
2D cases.

In Figure 4a, we show |FTF| for the motion due to the 2D
wavefield at a distance of 300 m from the vertical discontinuity
of the semi-infinite layer (in solid blue), the same |FTF|
smoothed using the Konno-Ohmachi window with parameter
B =40 (in solid red), and |FTF| for the motion due to the 1D
resonance in the unbounded layer (in solid black). Figure 4b
has the same structure as Figure 4a but for a distance of 800 m
from the vertical discontinuity. Note that the Konno-Ohmachi
smoothing is commonly applied with this B = 40 value (e.g.,
Haghshenas et al., 2008; Theodoulidis et al., 2018), but some-
times even smaller values (30, 20, or even 10) corresponding to
stronger smoothing in analysis of earthquake or microtremor
ground motion (e.g., Konno and Ohmachi, 1998; Bahrampouri
et al., 2021).

The |FTF| for the 1D resonance has a well-known shape
with clear peaks corresponding to resonant modes. The raw
(i.e., nonsmoothed) |FTF|s qualitatively suggests superposition
of 1D resonance and some additional motion(s) and some later
arrivals: the later the arrival, the smaller the frequency spacing
between the small amplitude ripples around the background
1D resonance shape. The spacing is much smaller at 800 m
than at 300 m. Nevertheless, when considering the smoothed
|FTE]s, especially at 800 m, these ripples almost disappear, and
it is no longer possible to detect and infer the character and
occurrence of the additional motions. This is because |FTF|
shows only the total spectral content accumulated over the
entire duration of the motion. This principal limitation natu-
rally suggests looking at the |TFTF|.

(b)

10!

10!

=
H - -
=
10°— 10°—
i— 2 1— 20
- —— 2D smoothed - —— 2D smoothed
17— 1D 17— 1D
T I T T T T T T T T I T I T T T T T T T T I
100 10! 100 10!

Frequency (Hz)

Figure 4. (a) Moduli of the Fourier transfer functions (|FTF|) for the motion
due to 2D wavefield at a distance of 300 m from the vertical discontinuity
(solid blue), the same |FTF| smoothed (solid red), and |FTF| for the motion
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Frequency (Hz)

due to the 1D resonance in an unbounded layer (solid black). (b) Same as in
panel (a) but the 2D-wavefield |FTF|s are for the motion at a distance of
800 m from the vertical discontinuity.
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face Love wave. Part of the
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Time
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Figure 5. |TFTF| for the surface motion due to 1D wavefield in the horizontal layer over half-space, shown together
with the corresponding first five resonant frequencies (horizontal-dotted black lines). The signal beneath the TFTF
frame is the particle-velocity PIR for a unit amplitude incident Gabor signal. To the left of the TFTF frame is shown

the 1D |FTF| from Figure 4.

12 14 S energy reflected from the free
surface under the critical angle
leads to another head wave
propagating along the horizon-
tal interface. The upper corner
acts similarly with
slight delay.

The resulting wavefield in

some

Figure 5 shows the “reference” |TFTF| for the 1D case,
together with the time-domain PIR (bottom), and the fre-
quency-domain |FTF| (left part). To improve the frequency
resolution of the TFTF, we used the Morlet wavelet with
the parameter wy, = 10. The vertical stripes observed in the
|TFTE| (particularly clear at higher frequencies) are not an arti-
fact of the TF analysis. They correspond to the arrival times of
multiply reflected S waves within the layer, with their time
spacing controlled by the layer thickness and the S-wave
propagation velocity in the sediment. One can clearly identify
the five resonance modes in the frequency range [0, 20 Hz],
corresponding to the multiply reflected S waves within the
sedimentary layer. The decrease of duration with increasing
mode order (from 6 s at 2 Hz to slightly less than 2.5 s at
18 Hz) is related to the frequency-independent material
attenuation, which, for a given travel distance (ie., a given
number of reflections), affects more the high-frequency modes
corresponding to shorter wavelengths.

Figure 6 shows PIRs in the v, component of the particle
velocity to the incident SH wave. Along the entire profile at the
free surface, we can recognize the incident wave followed by a
sequence of waves reflected from the sediment-bedrock
boundary. The multiple reflections result in the well-known
1D vertical resonance.

When the lower corner of the vertical discontinuity is hit by
the incident wave, it becomes an efficient secondary source
radiating into all directions affecting the motion in the bedrock
and more importantly and significantly inside the sediment
layer. The energy propagating along the horizontal and vertical
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the layer thus includes not only
1D vertical resonance but also modes of Love wave and a
sequence of head waves. The Love wave is well visible in the
v, component of the particle velocity. Head waves are visible as
relatively low-amplitude tiny traces. From the PIRs, it is not
possible to say more. We can look at |TFTF|s. We select two
distances from the vertical discontinuity: 300 and 800 m.

In Figure 7, we show the |TFTF| for the 2D case motion at
the same distances of 300 (Fig. 7a) and 800 m (Fig. 7b) from
the vertical discontinuity of the semi-infinite layer as in
Figure 4. Inside the frame of the |TFTF|, we also show resonant
frequencies of the first five modes of the 1D vertical resonance
in an unbounded layer (horizontal-dotted black lines) and
theoretical arrival times of the first five modes of Love wave
propagating in the unbounded layer (solid black). The arrival
times are obtained as ratios of the discontinuity-to-receiver
distances and the group-velocity values at each frequency,
and corrected by the travel time from the source to the free
surface. For reference, theoretical dispersion curves of the
Love-wave modes in an unbounded horizontal layer are shown
in Figure 8. The seismograms beneath the |TFTF| frames are
the PIRs. For the direct visual comparison of |TFTF|s and
|FTF|s, we also show |FTF|s to the left of the TFTF frames.

It is obvious at the first sight that the |TFTF|s provide sub-
stantially better insight into both motions because, contrary to
the |FTF|s, they show temporal developments of the spectral
contents of the motions. At both distances, we clearly recognize
multiple reflections between the free surface and the sediment-
layer interface and the resulting 1D resonance pattern at earlier
times. The same five resonant frequencies as in the 1D case are
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m approximately correspond to
the first two 1D resonance
1000 — e — frequencies (see the minima
1 W in the group velocities shown
900-_H - W in Fig. 8b). At 2 Hz, the dura-
—A R e ——" tion increases from 6 s in the
= W 1D case to 8 s at 300 m from
800 W the discontinuity, and up to
- S ———————————— 135 at 800 m. At 6 Hz, the
7008 . durations are around 4.5, 6,
— R e —————— and 10 s, respectively.
600 =45 Layer with randomly
— undulated interface
3 500 As a second example, we con-
E sider an unbounded sediment
2 A layer over half-space with ran-
o 400 +— dom smooth undulation of the
= sediment-bedrock  interface.
—AY] Except the interface undula-
300/ .
— tion, all parameters are the
=88 same as in the previous model.
200 | The undulation is obtained
= using a nonsinusoidal stochas-
= tic formula H,gyaeq(®x) = H
4005 t2(x) with H = 25 m—thick-
ness of the semi-infinite and
0- unbounded layers in the pre-
! vious numerical example. The
zero-mean fluctuation z(x) is
' i i " ! Gaussian-correlated with cor-
0 5 S

Time

Figure 6. 10-s window of PIRs in v, component of the particle velocity at the free surface for the vertically incident
plane SH wave. On the vertical axis, O represents the position of the vertical discontinuity (the left vertical boundary
of the sedimentary layer), 1000 represents the maximum distance in meters from the vertical discontinuity. The

inter-receiver distance is 10 m.

relation length r = 15 m and
bounded by d = + 3 m, yielding
irregular but laterally coherent
undulations.  The
parameters result in a root
mean square variation compa-
rable to that of a sinusoidal

chosen

well visible. The 1D resonance groups at both distances are
followed by wave groups that dominantly correspond to a lat-
erally propagating surface Love wave generated due to the
presence of the vertical discontinuity (left-lateral boundary)
of the sediment layer. At distance of 800 m, we see only the
fundamental and the first-higher modes of the surface Love
wave because the higher modes at this distance vanish due
to attenuation. Let us note that these features cannot be seen
in the standard |FTF|s. The decrease in duration with mode
order is more effective than in the 1D case because the travel
distance of Love waves is much longer. Nevertheless, the dom-
inant feature, when comparing the 2D (Fig. 7) and 1D (Fig. 5)
cases, is the significant increase of duration. This is particularly
obvious for the Airy phases of first two modes, which
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profile with an amplitude of
2.5m and wavelength of 60 m. The model is illustrated in
Figure 9. As in the previous example, we consider a 2D SH
wavefield in the layer due to vertical incidence of the plane
SH wave from the bedrock.

In Figure 10a, we show |FTF| s in the same way as for the
semi-infinite layer in Figure 4 but for the position x = 511 m
where the local thickness is exactly the average value of 25 m.
The structure of Figure 10b corresponds to that of Figure 6a
or 6b except that we omit here theoretical arrival times of the
first five modes of Love wave propagating in an unbounded layer
with the horizontal interface. Actually, for such an undulating
interface, surface waves are generated all along the profile in
relation with all thickness irregularities: at any surface receiver,
surface waves can come from nearby or more distant
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-15 CONCLUSIONS

20 The standard Fourier transfer
function |FTF| is widely
accepted and used for both theo-
retical analyses and analyses of
real time-domain records, espe-

cially for identifying resonance
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— |Ogm (]FTF|_2D)
— logo (|FTF|_2D smoothed)
— |Oglo ((FTFl_lD)

Figure 7. (a) |TFTF| for the motion due to 2D wavefield at distance of 300 m from the vertical discontinuity shown
together with resonant frequencies of the first five modes of the 1D vertical resonance (horizontal-dotted black
lines) and theoretical arrival times of the first five modes of the Love wave propagating in an unbounded layer
(colors correspond to modes shown in Fig. 8). The signal beneath the TFTF frame is the particle-velocity PIR for a
unit amplitude incident Gabor signal. To the left of the TFTF frame there are |FTF| s from Figure 4a. (b) Same as

Figure 7a but for the distance of 800 m from the vertical discontinuity.

peaks and/or the amplified fre-
quency bands, and the corre-
sponding amplification levels.
Nevertheless, it does not provide
any information on temporal
development of the response,
that is, the temporal distribution
and the origin of different rever-
berations that cause amplifica-
tions. These amplifications are

12 14 S

heterogeneities. The “blue” (raw) 2D transfer function exhibits
significant differences with respect to the black (1D) one.
However, they are rather irregular and difficult to interpret.
Moreover, the smoothed (red) transfer function is very hard
to distinguish from a purely 1D transfer function. At the same
time, |TFTF| shows a pattern similar to the 1D pattern of
Figure 5, but with very significant prolongation of motion at
and around the resonant frequencies of the first two-three 1D
resonance modes, as in the previous semi-infinite layer case.
The “diffusion” of energy into frequencies between the resonant
frequencies as well as prolongation of motion is due to the
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of particular importance in con-
nection with 2D or 3D effects
induced by the local surface
and underground geometry.

We propose to go one step beyond with the novel concept of
a “TFTE.” The theory introduced is readily applicable to any
time-domain IR in a broad variety of problems investigated in
geophysics. Here, we demonstrate its usefulness for seismic site
response studies. For the two examples of quasi-1D under-
ground structures, TFTF proves to be significantly more
informative than |FTF| on the composition of the wavefield.
We hope to have convinced the reader of the value of
TFTF in the numerical modeling of seismic motion and site
effects of local surface structures.
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Figure 9. Geometry of a 2D model of an unbounded sediment layer with
randomly undulated sediment-bedrock interface. Material parameters of
the model are the same as those shown in Figure 2b. Values along the

horizontal axis are in meters and correspond to computational model in
finite-difference (FD) simulation. 250 m correspond to distance from the left
boundary of the FD grid.

TFTF was applied extensively in a study of the translational
motion, rotational motion, and axial strain induced in a model of
a semi-infinite layer (P. Moczo et al., unpublished manuscript,
2026, see Data and Resources). The next step is to apply the
TFTF concept to real recordings. The key issue for that goal
is to retrieve robust estimates of the PIR from pairs of earthquake
recordings (i.e., at a site under study and a nearby reference site).
Significant breakthroughs have been achieved in recent years for
borehole arrays (e.g, Mehta et al., 2007; Parolai et al, 2009;
Fukushima et al., 2016; Riga et al., 2019), and similar deconvo-
lution and averaging could be considered also when the reference
sensor is located at a nearby rock outcrop. This complementary
work will be presented soon in a follow-up article, which will
address the various processing issues on the example of both
realistic synthetics and real recordings from well-known and
well-instrumented sites.
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