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When developing a finite-difference (FD) scheme, one of the key aspects that must be
addressed is the spatial discretization of material parameters and the implementation
of material interfaces. Mittet (2017) and Moczo et al. (2022) recently suggested a novel
approach based on the wavenumber limitation of the medium. They demonstrated
that, due to spatial discretization, a model of the mediummust be wavenumber-limited
by a wavenumber km smaller than the Nyquist wavenumber. Mittet (2021a) and
Valovcan et al. (2024) proved that the wavefield (numerically simulated or exact) in
a km-limited medium can only be accurate up to km= 2. Here, we numerically demon-
strate a perfect subcell resolution (capability to sense the position of interface within
a grid cell) of FD modeling based on the wavenumber-limited medium using a finite
spatial low-pass filter. The finding that it is possible to use a finite-length filter for wave-
number limitation of the medium is of key importance for the next development of the
concept in terms of computational efficiency. We demonstrate an unprecedented accu-
racy for a canonical model—a material interface between two homogeneous half-
spaces. The time–frequency envelope and phase misfits between the FD solution
and the exact analytical solution are surprisingly small and are the same for any position
of the interface within a grid spacing. We show that the misfits for the reflected and
transmitted waves are solely due to grid dispersion. We compare the accuracy of the FD
solution for the wavenumber-limited medium with that for the harmonically averaged
modulus (Moczo et al., 2002). The FD modeling based on the wavenumber-limited
medium is considerably more accurate. The proof of concept of the wavenumber limi-
tation of the medium should be followed by development of a practical way of wave-
number limitation using finite spatial filters in 2D and 3D elastic problems.

Introduction
Discretization (sampling) of a continuous signal causes its
spectrum to become periodic, introducing potential aliasing,
unlike the original continuous spectrum, which is typically
nonperiodic and unbounded. This is true for time signals and
for functions of spatial coordinates.

The equation of motion and constitutive law include
material parameters (e.g., density and elastic moduli) depend-
ing on spatial coordinates, and wavefield variables (e.g., par-
ticle velocity and stress) that are functions of both spatial
coordinates and time.

The finite-difference (FD) method applies relatively simple
discretization in space to the material parameters and discre-
tization in space and time to wavefield variables. Therefore,
consequences of discretization must be analyzed in the time,
space, frequency, and wavenumber domains.

FD schemes for modeling seismic-wave propagation have
been developed approximately since the mid-60s of the twenti-
eth century. At that time, the finite-element method dominated.
It was just the relatively simple notion of discretization in time
and space that motivated seismologists to apply the FD
approach to seismic-wave propagation.

The development of the FD schemes has usually been based
on necessary analysis of consistency, stability, and subsequently
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grid dispersion as a consequence of discretization in time and
space. The analysis usually assumed a harmonic plane wave in a
homogeneous medium and was performed in the time–space
domain. We refer to Moczo et al. (2014), Jiang and Zhang
(2021), Liu (2022), Koene et al. (2022), Zhou et al. (2022,
2024), and Chen et al. (2024) for a basic overview of the FD
method.

Considerably less obvious was how to properly represent
material heterogeneity, mainly the internal interface, in the spa-
tial grid. What has been missing was the appropriate account for
consequences of the spatial discretization of the medium and
wavefield in the wavenumber domain. We refer to Mittet
(2017), Mittet (2021a,b), Moczo et al. (2022), and Valovcan
et al. (2023, 2024) for the recent overview of the problem of
accuracy of implementation of the material interface and for
fundamental insight into accuracy through the wavenumber
domain analysis. We do not repeat here the numerous referen-
ces to relevant contributions present in the articles mentioned.
However, we want to especially acknowledge Mora (1986),
Holberg (1987), Igel et al. (1995), and Fichtner (2011) who
pointed out the important aspect of the wavenumber-domain
view in replacing spatial derivatives by the wavenumber-limited
discrete operators.

In this article, we focus on the possibility to use a finite-
length filter in the spatial domain for wavenumber limitation
of a heterogeneous medium (bandlimitation of the wavenum-
ber spectrum of a material parameter). For examining accuracy
and subcell resolution of an FD solution based on the wave-
number-limited representation of a heterogeneous medium,
we use a stringent canonical model of a sharp heterogeneity
—a material interface between two homogeneous half-spaces.
We compare the FD solution with the exact solution.

Because we are addressing the FD method, we will use the
term “grid spacing,” here denoted as h, for the sampling step in
the spatial domain and “time step” for the sampling step in the
time domain. We will briefly cover the well-known aspects and
recent surprising findings related to the spatial discretization of
the medium and the wavefield.

Introducing Considerations on
Wavefields in a Homogeneous Medium
Assume a spatial grid with a grid spacing h. If a function is
discretized (sampled) with a grid spacing h, its Fourier wave-
number spectrum is periodic with period

2
π

h
�: 2kN�h�: �1�

The relation defines the Nyquist wavenumber kN : if the
sampling with h should not cause aliasing, the range of the
wavenumber spectrum must be limited by

kmax ≤
π

h
≡ kN�h�: �2�

In other words, a discrete spatial grid with grid spacing h
cannot support wavenumbers larger than kN�h�. (Note that
here we fix, for a while, the grid spacing h, not kmax.)

Assume a source of a wavefield with spectrum limited by
ωmax and a homogeneous medium with wavespeed c. These
two parameters determine the maximum wavenumber kmax

and the corresponding minimum wavelength λmin of the
wavefield:

kmax �
ωmax

c
, λmin �

2π
kmax

: �3�

In other words, in the homogeneous medium, the exact wave-
field is wavenumber limited if the source is frequency limited.
Assume now a spatial grid with grid spacing h. Relations (2)
and (3) imply that the minimum number of grid spacings
per λmin must be at least 2:

Nλmin :�
λmin

h
� 2

kN
kmax

≥ 2: �4�

In FD modeling, this criterion is applied to the minimum
wavelength, that is in the spatial domain. The criterion usually
does not pose a concern in the time domain because the sta-
bility of a scheme imposes considerably more severe restriction
to values of the time step (discretization in time).

All this has been well known since the beginning of the
development of FD schemes. We included this explicit brief
explanation just because it is the first step of consideration.
The second step may be found to be quite surprising by many.

Phenomenon of Wavefield Accuracy
Limit in a Wavenumber-Limited
Heterogeneous Medium
We say that a function of spatial coordinates (e.g., a material
parameter or wavefield variable) is wavenumber limited if its
wavenumber Fourier spectrum is nonzero only up to some
finite wavenumber. Otherwise, we say that the function is not
wavenumber limited. For example, contrary to the homo-
geneous medium, a material parameter in the heterogeneous
medium might not be wavenumber limited.

Importantly, no matter whether the medium is wavenum-
ber limited or not, the exact wavefield in any heterogeneous
medium is not wavenumber limited (see Valovcan et al., 2024).

The spatial grid discretizes (samples) a material parameter
as a function of spatial coordinates. The spatial discretization
does not remove a potential wavenumber content above the
Nyquist wavenumber kN�h�. So, obviously, assuming a grid
spacing h, if the wavenumber spectrum of a material parameter
is effectively nonzero above kN�h�, the medium must be wave-
number limited by kN�h� prior to the spatial discretization.

The question is what happens with a wavefield (in principle
not wavenumber limited) in the kN-limited medium. Mittet
(2017) was the first to address this fundamental question and
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obtained preliminary indications for the answer in his investi-
gation of the interface error. Later, Mittet (2021a) reported that
if the discrete grid model of a medium coincides with the true
medium up to some wavenumber, the simulated wavefield is
accurate only up to half of this wavenumber. Valovcan et al.
(2024) analyzed the question in relation to both the exact
and numerically simulated wavefields.

Here, we briefly outline the exemplary 1D test case pre-
sented by Valovcan et al. (2024). Consider a model of a thin
homogeneous layer between two identical homogeneous half-
spaces. We apply a wavenumber bandlimitation to the model
with three different values of the limiting wavenumber km:
km � 2π=λm � f2π,4π,10πgm−1. (Note that, due to the struc-
ture of the governing equations, the wavenumber limitation
must be applied to compliance and density.) Thus, there are
four models: the exact model and the three wavenumber-lim-
ited models. The wavefield in each model is due to a plane-
wave incident in the lower half-space and propagating upward
to the thin layer and the upper half-space. Let f m be the
frequencies of the wavefield corresponding to km.

For each model we used the matrix (i.e., exact) method. We
approximated the wavenumber-limited models by the stack of
thin layers and checked that further reduction of the layer thick-
ness does not change the result in the considered frequency
range. We calculated the wave transmitted from the lower half-
space through the thin layer into the upper half-space and the
wave reflected at the thin layer back to the lower half-space.

The transmitted wave in each wavenumber-limited model is
the same as the transmitted wave in the exact model in the
entire frequency range, that is, in the entire corresponding
range of wavenumbers.

Results for the reflected waves may be considered surpris-
ing. Systematically, the reflected wave in each wavenumber-
limited model exists and is the same as the reflected wave
in the exact model only up to frequency f m=2, that is, only
up to wavenumber km=2.

For the model of two half-spaces, the result is the same
except that the reflected wave exists also beyond f m=2 or
km=2. Beyond this limit, the reflected wave is, however, very
different from the exact wave in the exact model.

We emphasize that we speak about exact wavefields, not
wavefields obtained by a numerical method.

Consequence of Wavefield Accuracy
Limit for the FD Modeling
The phenomenon of wavefield accuracy limit in a wavenumber-
limited medium has a serious consequence for the FDmodeling.
If we want the wavefield to be accurate up to wavenumber kmax,
we must limit the model of the medium by wavenumber
km � 2kmax. What does it mean for the choice of grid spacing?
If grid spacing h is needed for fulfilling condition kmax ≤ kN�h�,
then it is obvious that twice the smaller grid spacing h/2 is
needed for fulfilling condition kmax ≤ 2kN�h� � kN�h=2�.

Practically taken: no matter which FD scheme we use, if we
want the wavefield to be accurate up to wavenumber
kmax � 2 π=λmin, we must

1. choose such grid spacing h that h ≤ λmin=4,
2. wavenumber limit the medium by 2kmax, and
3. discretize (sample) the wavenumber-limited medium using

the grid spacing h.

It seems to us that it is not easy to intuitively understand this
relation between the wavenumber limitation of the medium and
wavenumber limitation of the wavefield. Valovcan et al. (2024)
provided an explanation based on the application of the
Lippmann–Schwinger equation in the Born approximation of
the first order for scattered wavefields.

How to Wavenumber Limit the
Medium?
If we know that, given a spatial grid, the medium must be cor-
respondingly wavenumber limited, let us look at the wavenum-
ber limitation itself.

An ideal filter for the km limitation of the material param-
eter M(z) for a scheme without grid dispersion would be

F̃�k� �
�
1; 0 ≤ k ≤ km
0; km < k

, �5�

in which km would be equal to a corner wavenumber kcor and a
cutoff wavenumber kcut,

km � kcor � kcut, �6�

as illustrated in Figure 1a.
The problem is that the ideal filter is not applicable because

the corresponding wavenumber-limited medium would have an
infinite spatial extent with nonnegligible variations of the value
of the material parameter over relatively large spatial extent.
What “relatively” means may depend on the model hetero-
geneity, size of the computational region, the source, and extent
of an FD stencil.

Therefore, we must use a filter with kcor < kcut. The value of
kcor must be larger than or equal to km, and kcut must be smaller
than or equal to kN . The best possibility would be kcor � km �
2kmax, that is, kcor would correspond to h � λmin=4. The filter is
illustrated in Figure 1b.

The choice of kcut has several aspects to be considered.
Depending on the FD scheme, more than four grid spacings
per λmin might be required due to grid dispersion. The mini-
mum wavespeed in the wavenumber-limited medium may be
smaller than cmin due to oscillatory character of the wavenum-
ber-limited medium. Because of these two aspects, kcut should
be sufficiently larger than kcor � km. Therefore, instead of the
grid spacing h � λmin=4 we should use a grid spacing
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hcut �
kcor
kcut

h � kcor
kcut

1
4
cmin

fmax
: �7�

Obviously, the values of kcut and kcor determine the spatial
extent of the nonnegligible variations of the wavenumber-lim-
ited medium.

As already mentioned, in practice, that is in numerical sim-
ulations, the spatial extent is limited by the material hetero-
geneity, the finite grid, the free surface, and possibly also by
the source. The corresponding limitations for the spatial extent
of the wavenumber-limited medium could potentially cause
values of kcut larger than those required by the grid dispersion
of the FD scheme. Therefore, it is necessary to make an
approximation as a compromise in the presence of several
factors affecting accuracy of the modeling. The compromise
mainly relates to the wavenumber filter.

Denoting a material parameter by P and filter by F, we recall
the relation

F−1
k!zfF̃�k� P̃�k�g � F�z� � P�z�: �8�

We see that in practice it might be reasonable to (1) design a
filter in the wavenumber domain, (2) transform it to the spatial
domain with sampling considerably finer than the grid spac-
ing, (3) restrict its spatial extent using a suitable window, (4)
check the spatially restricted filter in the wavenumber domain,
and, if acceptable, (5) apply the filter in the spatial domain
through the convolution with the material parameter, and
(6) downsample the material parameter.

Numerical Test: Accuracy of a Reflected
Wave
Configuration
Consider a 1D problem for a model of two homogeneous half-
spaces. The wavespeeds in the lower and upper half-spaces are

300 and 100 m/s, respectively. A constant density of 2500 kg=m3

is assumed. A plane wave is generated 600m beneath the interface.
The source time function is obtained by application of the
Butterworth filter to the Fourier spectrum of the Dirac impulse
and a subsequent application of the Blackman window in the time
domain. The source time function and its amplitude Fourier spec-
trum are shown in Figure 2. The spectral amplitude falls by three
orders approximately at the frequency of 5 Hz. Therefore, we will
consider this frequency as a reasonable maximum frequency of
the wavefield. The corresponding minimum wavelength is
λmin � 100 m=s=5 Hz � 20 m, and the corresponding maxi-
mum wavenumber is kmax � 2π=λmin � π=10 m−1.

The plane wave propagates upward in the lower half-space
and reaches the interface. A transmitted wave propagates
upward in the upper half-space, and a reflected wave propa-
gates downward in the lower half-space. As explained in the
exemplary 1D test presented by Valovcan et al. (2024), we
should be primarily interested in the reflected wave. We “rec-
ord” the reflected wave at the position where the plane wave
was generated.

For the considered medium-wavefield configuration, we
compare three independent solutions for the reflected wave:

• ES is an exact analytical solution.
• FDA is an FD method (staggered-grid, velocity–stress, fourth
order in space, second order in time) with arithmetically
averaged compliance, that is, harmonically averaged elastic
modulus (Moczo et al., 2002, 2014). We use 10 grid spacings
per λmin. (This choice is “cautious,” ensuring sufficiently
small grid-dispersion error without conflicting with the goal
of the test.) This means grid spacing h = 2 m.
Consequently, kN � π=2 m−1.

• FDWL is an FD method (staggered-grid, velocity–stress,
fourth order in space, second order in time) with a wave-
number-limited medium. If we want to have the wavefield

(a) (b)

Figure 2. (a) Source time function and its (b) amplitude Fourier
spectrum.

(a) Ideal filter

(b) Real filter

0

1

k

F(k)

km kNkcor kcut

0

1

k

F(k) km kN

kcor kcut

km – Model accuracy limit
kN – Nyquist wavenumber
kcor – Corner wavenumber
kcut – Cutoff wavenumber

Figure 1. (a) An ideal wavenumber filter for km limitation of a
material parameter. (b) Real filter.
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sufficiently accurate up to wavenumber kmax � π=10 m−1,
we must limit the medium by km � 2kmax � π=5 m−1.

Wavenumber limitation using a spatial filter
For the wavenumber limitation of the medium, we first
designed a filter in the wavenumber domain:

F̃�k� �

8><
>:
1 k ∈ �0,kcor�
1
2

�
1� cos

�
π k−kcor

kcut−kcor

��
k ∈ �kcor,kcut�

0 k ≥ kcut

: �9�

Values of kcor (which must be larger than km) and kcut (which
must be smaller than kN) used for the numerical test were, 0.7
and 1:5 m−1, respectively.

The corresponding filter in the spatial domain was obtained
by the inverse Fourier transform. Because it has an infinite spa-
tial extent, it must be truncated. We truncated it using the
Blackman window

WB�
8<
:
0:42−0:50cos

�
πz−zc�w

w

�
�0:08cos

�
2πz−zc�w

w

�
;jz−zcj≤w

0;jz−zcj>w

:

�10�
The filter is truncated at its zero values at half-width w from its
center at zc. Expertly, we chose w ≈ 12:5h. The final filter in the
spatial and wavenumber domain is shown in Figure 3. As can be
seen in Figure 3b, the truncation in the spatial domain slightly
modifies the filter in the wavenumber domain. Still, however, for

k < km it is F̃�k� ≈ 1, and for k > kcut it is F̃�k� ≈ 0.
The wavenumber limitation itself is performed by a convo-

lution of the spatial filter with the original compliance.

FDA and FDWL solutions
Assuming the fixed position of the source, each ES, FDA, and
FDWL solution corresponds to a specific position of the true
interface in a spatial FD grid. This is because both FDA and
FDWL approaches make it possible to consider an arbitrary
position of the interface within a grid spacing (in 1D this
means anywhere within one grid cell).

In the FDA approach, we account for a position of the inter-
face within a grid spacing by evaluating effective grid modulus at
grid position (here, e.g., I + 1/2) as an integral harmonic average
between grid points I and I + 1 (Moczo et al., 2002, 2014)

MH
I�1=2 ≡

�
1
h

Z
zI�1

zI

1
M�z� dz

�
−1
: �11�

The harmonic averaging of the modulus is equivalent to arith-
metic averaging of the compliance. Moczo et al. (2002, 2014)
demonstrated a very good level of accuracy and very good sub-
cell resolution of this representation of the material interface.

In the FDWL approach, we apply wavenumber limitation to
compliance. Then, we calculate the corresponding modulus.
Although we did not apply the limitation to the modulus itself,
we call it the wavenumber-limited modulus. Then we simply
position, say MWL

I�1=2, in the grid points. In Figure 4, we show

(a) (b)

Figure 3. (a) Final spatial filter used for the wavenumber limitation
of the medium. (b) Solid black—originally designed filter (as in
Fig. 1b), which has an infinite spatial extent. Solid blue—the final
(truncated) filter corresponding to the spatial filter in panel (a).
The left-vertical dotted bar corresponds to the wavenumber
accuracy limit km. The right-vertical dotted bar corresponds to the
Nyquist wavenumber kN.
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five different positions of the interface within a grid spacing. In
each of the five panels, the red-dotted lines represent grid lines
(in 1D representing grid points—positions of stress and thus
also modulus in the staggered grid). The true modulus M(z) is
shown in solid black, and the wavenumber-limited modulus
MWL�z� is shown in solid blue. Red dots represent values of
MWL�z� sampled by the spatial grid, that is, MWL

I�1=2 values.
Note that just these sampled values represent the wavenum-
ber-limited medium in the FD scheme.

We can clearly see that each position of the true interface in
the grid (shown in solid black) is represented in the wavenum-
ber-limited medium by differently positioned samples (red
dots) of MWL�z�. Note that only in two positions of the inter-
face is MWL�z� sampled close to its peak value.

Comparison of FDA and FDWL with the exact
solution
We removed the incident wave from the total wavefield in the
lower half-space to obtain the reflected wave. We compare
reflected waves in the three solutions, that is, exact, FDA, and
FDWL, in Figure 5 using time–frequency envelope misfit
(TFEM) and time–frequency phase misfit (TFPM) according
to Kristekova et al. (2009). The figure consists of five panels.
Each panel compares three solutions for one of the five positions
of the material interface in the grid shown in Figure 4. The posi-
tion is indicated in the left column. The left of the comparing
panels shows TFEM and TFPM between the FDA and the exact
solutions. The right panel shows TFEM and TFPM between the
FDWL and the exact solutions. Signal of the reflected wave is also
shown for all three solutions. The values of the single-valued
envelope misfit (EM) and phase misfit (PM) evaluated over
the entire time and frequency ranges are also shown.

There are two most striking features of the comparison: (a)
TFEM and TFPM between the FDWL and exact solutions do
not change with the position of the interface in the grid, and
the maximum EM and PM are as low as 0.08% and 0.07%,
respectively; (b) TFEM and TFPM between the FDA and exact
solution vary, but they are all smaller than or equal to 0.38%
and 0.09%, respectively. This is why we cannot recognize FD
seismograms from the exact seismograms and see only one
(red) color of the seismogram. In other words, both FD solu-
tions are excellent and with subcell resolution, but FDWL is
simply better because its accuracy does not change with the
position of the interface in the grid.

The accuracy of the FDWL solution for any position of the
interface in the grid can be demonstrated also in Figure 6.
Again, we compare FDA versus the exact solution and FDWL
versus the exact solution. Here, we show only time envelope
misfit, however, for 13 positions within a grid spacing. All mis-
fits between the FDA and the exact solution are shown in the
left frame. We can see that misfits for different positions of the
interface differ from each other. At the same time, they are all
very small—the absolute values are less than 0.5%. The

Figure 4. Five positions of the material interface in the spatial grid
used for finite-difference (FD) simulations. The true modulus M(z)
is shown in solid black. Red-dotted lines represent grid lines (in 1D
representing grid positions of stress). Solid-blue line represents the
wavenumber limited modulus MWL�z�, and red dots represent
values ofMWL

I�1=2 entering the FD scheme for the FDWL simulation.
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comparison between FDWL
and the exact solution confirms
what we could see already in
Figure 5—the misfit is the same
for all positions of the interface
in the grid.

In Figure 6, we also show the
misfits between the FD solu-
tions and the exact solution
for the direct wave. By the direct
wave, we mean the wave propa-
gating in the homogeneous
medium with material proper-
ties of the lower half-space, and
propagating the same time as is
the time between the radiation
of the wave and recording the
reflected wave at the receiver.
(The same time in the same
medium is important to have
the same cumulative effect of
the grid dispersion.) We can
see that the misfit for the direct
wave is the same as the misfit
for the reflected waves (plural
because we consider reflected
waves simulated using FDWL
for 13 positions of the interface
in the grid). This means that
there is no interface error in the
FDWL solutions and the misfit
quantifies nothing else than the
grid-dispersion error! The
absence of the interface error in
all FDWL solutions is a very sig-
nificant result. The meaning of
this result is nothing less than
the proof of concept of the
wavenumber-limited represen-
tation of the material hetero-
geneity!

Numerical Test:
Accuracy Across
the Entire Model
In the first numerical test,
we looked at the accuracy of
the reflected wave at a distance
from the interface, which is
considerably larger than the
extent of the spatial filter
used for the wavenumber
limitation.

Figure 5. Comparison of the FDA (FD with arithmetically averaged compliance—corresponding to
the harmonically averaged modulus) and FDWL (FD with wavenumber-limited compliance)
solutions with the exact analytical solution using time–frequency envelope misfit (TFEM) and
time–frequency phase misfit (TFPM) for the wave reflected from the interface between two half-
spaces. The left column shows positions of the material interface in the FD spatially staggered grid.
Circles represent grid positions of the stress; black squares represent grid positions of the particle
velocity. Signals of the reflected waves are also shown. The exact solution is in solid red, the FD
solutions in solid black (not seen due to very good agreement between signals). Single-valued
envelope misfit (EM) and phase misfit (PM) evaluated over the entire time and frequency ranges are
also shown.
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Here, we will look at the accuracy of the wavefield across the
entire model. Therefore, we will include also the transmitted
wave in the upper half-space.

Configuration and methods of computation
The wavefield-medium configuration is the same as that in the
first numerical test. We applied the same three methods to
compute the total wavefield. In the upper half-space we obvi-
ously obtained the transmitted wave, whereas in the lower half-
space we removed the incident wave from the total wavefield to
obtain the reflected wave.

Comparison of FDA and FDWL with the exact
solution
We compare the three solutions, exact, FDA, and FDWL, using
single-valued EM and PM according to Kristekova et al. (2009).
Figure 7 shows EM and PM between the FD and exact solutions.
FDA indicates the EM and PM between FDA and ES. FDWL
indicates the EM and PM between FDWL and ES. Both EM and
PM are shown as functions of the absolute position of receiver
with respect to the interface and the relative position of the
interface within a grid spacing. Position 0 m of the receiver
(on the vertical axis) corresponds to the top of the grid cell
within which we position the interface. Relative position 0.0
of the interface (on the horizontal axis) means the interface
at the grid position of the particle velocity (see the top panel
in Fig. 5). Relative position 1.0 means the interface just one grid
spacing lower—again at the grid position of the particle velocity.
For example, point [0.4, 200] means that the receiver is at
z = 200 m and the interface is at z = 0.4 h = 0.8 m, which means
that the receiver is 199.2 m below the interface.

We can easily see several striking features. The two most
important at first sight are the principal difference between

FDA and FDWL, and the small values of both EM and PM
for both FD solutions.

The largest values of PM are restricted to a thin effective
layer around the interface in both FD solutions. In the FDA
solution, they are smaller than 0.5%, and the thickness of the
effective layer is determined by the spatial extent of the FD
stencil. In the FDWL solution, they are smaller than 2%, and
the thickness of the layer is determined by both the spatial
extents of the FD stencil and the filter. Outside the effective
layers, PM for both FD solutions is very small.

The largest values of EM are restricted to a thin layer around
the interface in the FDWL solution, for which they are smaller
than 0.75%. As in the case of PM, the thickness of the layer is
determined by both the spatial extents of the FD stencil and the
filter. Outside the layer, the extremely small values of EM are
caused solely by the grid dispersion (recall Fig. 6). It is very
clear that we do not see any dependence of EM or PM on the
relative position of the interface within a grid spacing. We
should not hesitate to speak about the perfect subcell resolution
of the FDWL solution.

In the case of FDA, the largest value of EM is about 0.4% in
the lower half-space with higher wavespeed and about 0.15 % in
the upper half-space. The largest values are not restricted only to
the vicinity of the interface. The amplitude of EM changes only
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Figure 6. Comparison of (a) FDA (FD with harmonically averaged
modulus) and (b) FDWL (FD with wavenumber-limited medium)
solutions with the exact analytical solution using time envelope
misfit for the wave reflected from the interface between two
half-spaces (solid lines with color corresponding to the position of
the interface in the grid) and for the direct wave (blue-dotted
line). Thirteen positions of the material interface within a grid
spacing are considered.
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Figure 7. Comparison of (a) FDA and (b) FDWL versus the exact
solution for the model of two homogeneous half-spaces. The
differences between FD and the exact solutions are quantified by
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valued time-frequency phase misfit (PM). The misfit values are
overall very small. The principal difference between the FDA and

FDWL solutions is that the accuracy of the FDWL solution does not
depend on the relative position of the interface within a grid
spacing—we may speak of the perfect subcell resolution of the
FDWL solution. The misfits of the FDWL solution in the half-spaces
are only due to grid dispersion—not affected by the interface error.
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slightly with the distance from the interface due to grid
dispersion. However, EM varies with the relative position of the
interface within a grid spacing. Recall that this variation does not
exist in FDWL solution.

EM of both the transmitted and reflected waves in FDA is
related to the spatial extent of the fourth-order operator. We
checked this by evaluating also EM and PM for the FDA wave-
field obtained using a second-order FD scheme. EM and PM
are smaller in the second-order solution. This is related to the
fact that the harmonic averaging of modulus (Moczo et al.,
2002) is applied over one grid spacing and thus is more suitable
for the second-order scheme (using an operator with a shorter
stencil). Obviously, such an approach requires finer spatial
sampling.

Conclusions
This study is a necessary logical continuation, literally a proof
of concept, of our current investigations on the accuracy of FD
schemes based on the analysis in the wavenumber domain. We
have performed a detailed numerical analysis of the accuracy of
the implementation of a material interface in FD modeling,
following the recently identified limit of accuracy of a wavefield
in a wavenumber-limited model of the medium.

For methodological clarity and clean isolation of the effect
of wavenumber limitation of the medium, we investigated the
accuracy of the reflected and the transmitted waves in a 1D
problem of two homogeneous half-spaces. We calculated the
wavefield using three methods: exact analytical method, FD
scheme (FDA) for arithmetically averaged compliance (i.e.,
harmonically averaged modulus) and FD scheme (FDWL)
for wavenumber-limited medium.

We used a finite-extent spatial filter to wavenumber limit the
medium. We evaluated the TFEMs and TFPMs between the
FDA and the exact solution as well as the misfits between the
FDWL and the exact solution in the entire computational
domain. The results of the analysis may be formulated as follows.

1. The time–frequency misfits between the FD and the exact
analytical solutions are very small.

2. Both FDA and FDWL have the subcell resolution capability
—they can sense different positions of the interface within a
grid spacing.

3. However, there is a principal difference between FDA and
FDWL. Whereas the subcell resolution of the FDA is not
perfect (the misfit between the FDA and the exact solution
varies a little bit with position of the interface within a grid
spacing), the misfit between the FDWL and the exact sol-
ution is the same and very small for any position of the
interface within a grid spacing. The misfits in FDWL for
the reflected and transmitted waves are solely caused by
the grid dispersion of the FD scheme. In other words:
FDWL exhibits a perfect subcell resolution, and the dem-
onstrated nature and level of accuracy may be considered

proof of concept of the wavenumber limitation of the
medium.

4. The largest values of the EM are restricted to a thin layer
around the interface in the FDWL solution, for which they
are smaller than 0.75%. The thickness of the layer is deter-
mined by the spatial extents of the FD stencil and the filter.
The most important is the fact that in FDWL, the error at, and
very near, the interface does not propagate into half-spaces.

The main conclusion
We have numerically demonstrated accuracy of the implemen-
tation of a material interface in FDmodeling based on the wave-
number limitation of the medium. We used a finite-extent
spatial filter to wavenumber limit the medium. The FD scheme
for the wavenumber-limited medium has a perfect subcell res-
olution: the misfit between the FD and exact solutions is very
small and the same for any position of the interface within a
grid spacing. The misfits for the reflected and transmitted waves
are solely due to grid dispersion. FDmodeling for the wavenum-
ber-limited medium is considerably more accurate than that for
the harmonically averaged modulus.

It was necessary to provide a detailed numerical proof of
concept of the wavenumber-limited medium in the fundamen-
tal methodological model—a material interface between the
two homogeneous half-spaces. The next step will be to develop
finite-extent spatial filtering to wavenumber limit the medium
in 2D and 3D. We assume that development of a practical “rec-
ipe” will be a challenging task. If successfully developed, we
assume that the spatial filtering in 2D and 3D will be applicable
also in other most important numerical-modeling methods—
spectral-element method (e.g., Komatitsch and Vilotte, 1998;
Lyu et al., 2020), discontinuous Galerkin method (e.g., Käser
and Dumbser, 2006; Wolf et al., 2020), and the recent and
promising distributional FD method (e.g., Masson, 2023; Lyu
et al., 2024)—inside an element in which material parameters
are functions of spatial coordinates.
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